
BAND STRUCTURE OF SOLIDS - NEGATIVE ENERGIES

Link to: physicspages home page.
To leave a comment or report an error, please use the auxiliary blog and

include the title or URL of this post in your comment.
Post date: 23 September 2021.
In the band-gap model of one-dimensional solids, the potential is a peri-

odic sequence of delta functions with a spacing of a:

V (x) = α
N−1

∑
j=1

δ (x− ja) (1)

A slightly more realistic potential might be a sequence of delta function
wells rather than spikes, since the electron feels an attraction to each of the
nuclei. That is, we can instead take

V (x) =−α
N−1

∑
j=1

δ (x− ja) (2)

where α > 0 is the strength of each well. You might think that this requires
only changing the sign of α in the solution we got for delta function spikes,
but because the potential now has negative portions, there will be negative
energy solutions as well. Fortunately, we’ve already worked out the method
for the solution.

For the region 0 < x < a, the solution is

ψ (x) = Ae−κx+Beκx (3)

where κ=
√
−2mE/h̄ (with E < 0).

Because the potential is periodic, we can use Bloch’s theorem to get the
solution for −a < x < 0:

ψ (x) = e−iθa
(
Ae−κ(x+a)+Beκ(x+a)

)
(4)

where θ = 2πn
Na , with N being the number of atoms in the loop.

Continuity at x= 0 gives

A+B = e−iθa
(
Ae−κa+Beκa

)
(5)

The derivatives on either side of x= 0 are
1
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ψ′+ = κ(B−A) (6)

ψ′− = κe−iθa
(
Beκa−Ae−κa

)
(7)

From the condition

− h̄2

2m
∆ψ′ = αψ (0) (8)

we get, using 5

κ(B−A)−κe−iθa
(
Beκa−Ae−κa

)
=−2mα

h̄2 (A+B) (9)

κ(B−A)−κ(A+B)+2Aκe−iθae−κa =−2mα
h̄2 (A+B) (10)

A

[
−κ+κe−iθae−κa+mα

h̄2

]
=−mα

h̄2 B (11)

A

[
κh̄2

mα

(
1− e−iθae−κa

)
−1

]
=B (12)

Substituting back into 5 we get

κh̄2

mα

(
1− e−iθae−κa

)
= e−iθa

[
e−κa+

κh̄2

mα

(
eκa− e−iθa

)
− eκa

]
(13)

κh̄2

mα

(
eiθa− e−κa

)
= e−κa+

κh̄2

mα

(
eκa− e−iθa

)
− eκa

(14)

κh̄2

mα

(
eiθa+ e−iθa− eκa− e−κa

)
= e−κa− eκa (15)

κh̄2

mα
(cosθa− coshκa) =−sinhκa (16)

cosθa= coshκa− mα
κh̄2 sinhκa (17)

Defining z ≡ κa and β ≡mαa/h̄2 we get

cosθa= coshz−β sinhz
z
≡ f− (z) (18)

The positive energy solutions are the same as we worked out earlier, with
the sign of α changed:
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cosθa= cosz−β sinz
z
≡ f+ (z) (19)

In his question, Griffiths says that the plot showing the band structure
must now extend into negative z territory. As far as I can tell, this is just
a device that allows the positive and negative energy bands to be displayed
on the same plot. Since z = κa and the energy is E = −h̄2κ2/2m it is
only the square of κ that has physical significance, so we could define it as
κ = ±

√
−2mE/h̄. Therefore, we define f− (z) only for z ≤ 0 and f+ (z)

only for z ≥ 0.
The negative energy band can be a separate band, or it can merge with

the lowest positive energy band, depending on β. In order for the two bands
to merge, the positive and negative solutions must meet at z = 0 with a
value between −1 and 1. Because limz→0 sinhz/z = limz→0 sinz/z = 1
and cosh0 = cos0 = 1, f+ (0) = f− (0) for all values of β, but to satisfy the
constraint, we need

−1 < 1−β < 1 (20)
0 < β < 2 (21)

The plots for a couple of values of β are in Figs. 1 and 2.
The red curve is f− (z) and the green curve is f+ (z) with the blue lines

showing acceptable solution range. For β = 1 the negative and lowest pos-
itive bands merge, while for β = 3, the negative energy band is separate.

Since θ = 2πn
Na all bands contain N

2 energy levels, since cosθa ranges
between −1 and 1. This makes a total of N electron states in each band
because of the two spin states at each energy level. In the β = 1 case,
the lowest band splits its N states equally between positive and negative
energies, while for β = 3 the lowest band contains N negative energy states
and all higher bands contain N positive energy states.



BAND STRUCTURE OF SOLIDS - NEGATIVE ENERGIES 4

FIGURE 1. Band structure for β = 1.
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FIGURE 2. Band structure for β = 3.


